Systematic nonlinear space-charge resonances may cause substantial emittance growth in the nonscaling fixed-field alternating-gradient (FFAG) accelerators. To avoid systematic nonlinear space-charge resonances, the phase advance of each nonscaling FFAG cell must avoid =2 and =3. Using multiparticle numerical simulations, we empirically obtain a minimum tune ramp rate vs the systematic 4th order space-charge resonance strength. We also find that the emittance growth obeys a simple scaling property when the betatron tunes cross the linear half-integer and sum resonances. DOI: 10.1103/PhysRevLett.97.104801 PACS numbers: 29.27.ÿa, 41.75.ÿi, 52.59.Sa There is a recent revival of interests in using the fixedfield alternating-gradient accelerators (FFAG) for proton drivers [1] , which may find applications in muon colliders, neutrino factory, neutron sources, energy amplifiers, etc. ''The FFAG research in the United States focuses on the nonscaling design'' [2, 3] that requires a much smaller magnet aperture. Unfortunately, the betatron tunes of the nonscaling FFAG cannot be maintained at a value within two integers. The betatron tunes decrease because the focusing field is kept nearly constant while the beam momentum increases at a rate of
, where dE=dn is the energy gain in one revolution. Hereafter, the tune-ramp rate refers to the rate change of the ''bare'' betatron tunes per revolution. Even if the energy gain per revolution could reach 1 MeV, the tune-ramp rate would be less than 0.02. The FFAG accelerator may encounter many technical challenges in rf, magnet, and vacuum technologies. However, the most fundamental issue is the emittance blowup due to the self-space-charge force, which cannot be corrected. Here the rms beam emittance is defined as the rms phase-space area occupied by the beam particles.
Many sources cause emittance growth in circular accelerators, including the half-integer stop band that can perturb the beam envelope function [4 -6] , the Montague resonance [7] , and the sum resonance induced by the random skew-quadrupole-field [8] . Although there are some studies on the effects of resonance crossing in the FFAG [3, 9] , these works examine only nonsystematic resonances, which are in principle correctable. This Letter intends to study an emittance growth mechanism caused by the modulation of the self space-charge force due to the repeated beam size variation in accelerator lattice cells. Even if the FFAG accelerator is perfectly designed and constructed, a sizable emittance dilution can occur when the betatron tunes (spectra of beam motion) encounter resonance conditions driven by the self space-charge force.
To study the emittance growth, we construct a multiparticle simulation program to simulate the evolution of beam emittances. The accelerator lattice is P 24 FODO cells, made of the focusing and defocusing quadrupoles separated by bending dipoles or drift spaces. As the beam particles are injected and accumulated, particles in the accelerator experience a space-charge force proportional to the beam intensity. Our numerical-simulation algorithm [8] consists of (1) a linear transport for phase-space coordinates in a half FODO cell by a linear transfer matrix, (2) a space-charge force kick to the phase-space coordinates, (3) a linear transport by the second half of the FODO cell transfer matrix, and (4) a space-charge force kick at the end of the basic FODO cell. This procedure is carried out for 24 FODO cells in one revolution.
With a Gaussian charge distribution x;z
g, the transverse space-charge potential is [10] Vx; z K sc 2
where x and z are the horizontal and vertical rms beam radii, N N B = 2 p s is the charge per unit length, N B is the number of particles in a bunch, s is the longitudinal rms bunch length, K sc 2Nr 0 = 2 3 is the generalized space-charge perveance, and r 0 1:5347 10 ÿ18 m is the classical radius of the proton. The horizontal rms beam radius is composed of both the betatron and offmomentum contributions.
Because of the space-charge potential, each particle experiences a space-charge kick:
where l is the length of the half cell, and the exponential form is obtained by expanding the space-charge potential of Eq. (1) The space-charge force is approximated by 48 localized kicks per revolution in our numerical model. The rms beam radii calculated from the multiparticle phase-space distribution are used for space-charge kicks in the next revolution. Although the distribution function may become nonGaussian, our space-charge kick remains in the Gaussian beam approximation. This simplified space-charge model is implemented to speed up calculations for systematic parametric study. When the accelerator is free from random errors, only systematic resonances can affect particle motion. Systematic nonlinear space-charge resonances are 4 x P, 4 z P, 2 x 2 z P, 6 x P, etc., where P 24 in our model.
To study the effect of the systematic nonlinear spacecharge force on the nonscaling FFAG, we consider a beam with 100 injection turns and an initial rms emittance of Note that the emittance growth is severe for the down ramp through the systematic space-charge resonance, because the betatron tunes of small-amplitude particles stay longer at the resonance (see the top-left plot of Fig. 1 ; see also Ref. [11] ). The normalized phase-space distributions at 1000 revolution are shown in the right plots of Fig. 1 . When the beam particle approaches the 4 x 24 and 4 z 24 resonances, small-amplitude particles are transported and trapped onto the 4th order resonance islands, and decohere into a ring in the phase space as shown in the right plots of Fig. 1 . Ramping through a nonsystematic resonance does not cause any emittance growth (see the green curves in Fig. 1) . Existence of the 4th order systematic space-charge resonance islands is known to exist in the self-consistent space-charge model calculations [12] , numerical simulations and experimental measurements at the KEK PS [13, 14] .
We define the emittance growth factor (EGF) as the ratio of the final emittance to the initial. The EGF does not depend on the horizontal or vertical emittance. When crossing a horizontal resonance, the EGF corresponds to the horizontal emittance growth, and vice versa. The bottom plot of Fig. 2 shows the EGF as a function of the tuneramp rate: =n. Note that the EGF shows a power law, i.e., the EGF is proportional to =n a in the low crossing rate regime, where a ÿ0:62. The EGF depends also on the strength of the space-charge force. Using the sc as the scaling parameter, the top plot of Fig. 2 shows the EGF as a function of sc for fixed tune-ramp rates.
The 4th order space-charge potential in Eq. (1) can be expanded in action-angle phase-space coordinates:
ÿ , where (J x , x ) and (J z , z ) are the horizontal and vertical action-angle coordinates, and 's are the phase of the resonance strength parameter. The resonance strength G m;n;l depends on the lattice design and the space-charge perveance, [15] . For a beam with equal emittances x z , one finds G m;n;l g m;n;l K sc C=8 2 , where C is the circumference of the accelerator, the dimensionless reduced resonance strength g m;n;l depends essentially on the accelerator lattice functions, and K sc C=8 sc . A larger variation in the betatron amplitude functions gives a larger reduced resonance strength.
Define the critical tune-ramp rate as the extrapolation of each EGF curve cutting the horizontal axis in the bottom plot of Fig. 2 . At the critical tune-ramp rate, the EGF is about 1.2. Figure 3 shows the critical tune-ramp rate vs the reduced resonance strength g 0;4;l , obtained by varying the betatron amplitude functions at the space-charge kick locations. The error bar reflects the uncertainty in the linear extrapolation. Since the EGF curve has a sharper turn for a smaller sc , the corresponding error bar is smaller. Given sc and d=dn, one obtains the maximum tolerable reduced 4th order resonance strength, which constrains the accelerator lattice design.
Besides these systematic space-charge resonances, random errors play an important role in particle beam dynamics. Since the dipole field errors affect the closed orbit, which is relevant to the beam emittance at injection, we assume that the closed orbit is properly corrected. The random quadrupoles break the superperiodicity, and produce half-integer stop bands. The random skew quadrupoles introduce both the sum and difference coupling resonances, found to be important in beam-emittance growth in fast ramping accelerators [8] .
For the random quadrupole error, the stop-band width, defined as the Fourier amplitude of quadrupole-field error at the pth harmonic, is
where s is either the horizontal or vertical betatron amplitude function, Ks is the quadrupole-field error, s 1= R s 0 ds=s, and s is the longitudinal coordinate. When the betatron tune of a particle sits at p=2, the action of the particle will grow exponentially as expf2jG p jng, where n is the revolution number. Random skew quadrupoles produces both sum and difference resonances. When the betatron tunes are ramped through many integers, the sum resonance is unavoidable. The stop-band width of the sum resonance is the Fourier amplitude of the skew-quadrupole error field As: [5] ,
where x s and z s are the horizontal and the vertical betatron amplitude functions, 1;1;l s x s z s ÿ x z ÿ ls=R is the sum-resonance phase function,
x s and z s are the betatron phase functions, and R is the mean radius of the accelerator. When the betatron tunes of a particle sit on a sum resonance, both the horizontal and vertical actions will grow as expf2jG 1;1;l jng.
Let the stop-band width be g jG p j or g jG 1;1;l j. The EGF for passing through a resonance is approximately expfgng, where n is the number of revolutions that the tunes of beam particles are inside the stop-band width. Since n g=d=dn, the EGF becomes
The EGF is numerically obtained by adding the random quadrupole and skew-quadrupole kicks to each half cell [8] . We prepare a beam with sc 0:217. The bare betatron tunes are linearly ramped from (6.85, 7.80) to (5.85, 6.80) in 50 revolutions. The horizontal EGF is about 1.5 for the 4 x P structure resonance. The EGF is separately obtained for quadrupole and skew-quadrupole errors which are randomly generated by different random seeds. A stopband width is then calculated from each error seed. Figure 4 shows the EGF as a function of the stop-band width for both the quadrupole and skew-quadrupole errors. Figure 5 shows lnEGF as a function of 2g 2 =d=dn for d=dn 0:01 and 0.02 in the down-ramp condition. The parameter is larger than 1 in the down ramp because the betatron tunes of small-amplitude particles stay longer at the resonance resulting from the space-charge tune shift. The slope gives 3:5 for the sum resonance, and 1.5 for the half-integer stop bands (shown as dashed lines in Fig. 5 ). The slope depends also slightly on the spacecharge tune shift parameter sc .
In conclusion, we use the rms space-charge potential model to carry out parametric study on emittance growth due to systematic space-charge resonances. Even for a perfectly designed and constructed FFAG, the systematic fourth order nonlinear space-charge resonances at 4 x P and 4 z P, and the 6th order systematic nonlinear resonance crossing at 6 x P and 6 z P can cause substantial emittance growth. Using multiparticle numerical simulations, we empirically obtain a minimum (critical) tune-ramp rate vs the resonance strength when crossing the systematic 4th order space-charge resonance. To avoid the 4th and 6th order systematic resonances, the phase advance of each periodic cell should avoid phase advance =2 or =3 per cell. Thus the momentum acceptance of the nonscaling FFAG accelerator may be restricted. For a given tune-ramp rate, we can find a critical systematic 4th order   FIG. 3 (color online) . The critical resonance crossing rate, (=n critical , defined as the extrapolation of the EGF cutting the horizontal axis in the bottom plot of Fig. 2 , is shown as a function of the reduced resonance strength g 0;4;l for crossing 4 z P resonance.
space-charge resonance strength, which can be reduced by designing a smoother beam envelope function.
In reality, the linear random imperfections such as the dipole field errors, quadrupole-field errors, and skew quadrupole-field errors are important in emittance growth [8] . Emittance growth is inevitable if the tune is ramped through integer and half-integer resonances, unless stop band correction is implemented. The EGF can be expressed as expf2g 2 =d=dng, where g is the stop-band width, d=dn is the tune-ramp rate, and is a constant.
The EGF scaling law sets tolerances on quadrupole-field error and quadrupole roll in the accelerator.
Our analysis is also applicable to the FFAG for the acceleration of muons. Since the mass of muon is about one fifth of the proton mass, the acceleration rate for muon is much higher, and the corresponding tune-ramp rate is much higher. Thus our analysis does not pose serious limitations to FFAG for muon acceleration.
This work is supported in part by Grants from the U. S. Department of Energy under Contract No. DE-FG0292ER40747 and the National Science Foundation NSF No. PHY-0552389. I also thank support from the Indiana University, USA and the Humboldt Foundation in Germany. FIG. 4 . The EGF is plotted as a function of the stop-band width for the random quadrupole and skew-quadrupole errors. The EGF obeys the scaling property: expf2g 2 =d=dng, where is a constant, g is the stop-band width, and d=dn is the tuneramp rate. The EGF for the horizontal plane is dominated by the crossing of the systematic space-charge resonance at 4 x P. Since the vertical tune does not cross the systematic spacecharge resonance, its EGF arises solely from the random errors. The random seed used in the quadrupole error happens to produce the stop-band widths (0.017, 0.047) for the horizontal and vertical planes. The x growth factor (shown as circle symbols) stops at a stop-band width of about 0.017, because the vertical EGF becomes 3.08 and beam loss occurs.
FIG. 5. The ln(emittance growth factor) for random quadrupole or skew-quadrupole errors is shown as a function of 2g 2 =d=dn, where g is the resonance stop-band width, d=dn 0:01, 0.02 is the tune-ramp rate. The slope is the parameter . We find 3:5 for the sum resonances, and 1.5 for the half-integer stop bands (see dashed lines). The scaling law works well for d=dn 0:1. At a lower tune-ramp rate, the EGF may grow faster than exponential. The EGF due to systematic space-charge resonances is excluded in this plot.
